The high-intensity noise radiated by an unheated and fully expanded Mach 3 jet is investigated experimentally using arrays of microphones placed in the acoustic near and far far-field of the jet. Under these conditions Mach wave radiation is the most prominent component of turbulent mixing noise in this shock-free supersonic jet. Measurements of the pressure time series are acquired along a grid in the (x, r)-plane in order to quantify the degree of non-linearity in the pressure waveforms. The topography of the OASPL reveal a highly directive sound propagation path emanating from the post-potential core region at x/Dj = 20 and along 45
I. Introduction
To date, there continues to be a lack of consensus in the scientific community regarding the precise mechanisms by which sound, generated by jet flows, propagates to an observer far from the flow. For high supersonic Mach number jets, the problem is further exacerbated by the fact that highly directive and intense noise patterns -produced by the formation of Mach waves-undergoes nonlinear wave steepening and coupling along the propagation path and has proven difficult to model. To some relief it is well agreed upon that the sound generated by supersonic jets comprises three distinct mechanisms: turbulent mixing noise, broadband shock-associated noise and screech tones. The latter two manifest themselves when shock structures are present in the plume. The current work focusses on characterizing the non-linear behavior of the turbulent mixing noise produced by a cold, fully expanded, Mach 3 jet. The test article under investigation comprises a Method of Characteristics contour thus eliminating the sources of noise associated with shock cells and screech.
It has been postulated for quite some time that turbulent mixing noise consists of two components. The first component is generated by large turbulent structures or instability waves that pass along the potential core regions of the flow whereas the second component is believed to be associated with the fine-scale turbulence within the shear layer and is omni directional. 1 Where the large-scale structures are concerned, these events act as surface panels convecting at supersonic speeds that radiate waves at the Mach cone half angle: φ = π/2 − µ = π/2 − sin −1 (a ∞ /U c ) as shown in figure 1 . This process forms within the zone of action and becomes increasingly intense as the convective Mach number of the turbulent large-scale structures travel at supersonic speeds relative to the ambient. Between the zone of action and zone of silence, the intensity of these radiating waves rapidly decays. The process of Mach wave radiation is highly complex and has been the subject of numerous investigations. 2, 3, 4, 5, 6 The complexity of this problem is attributed to various factors including 1.) growth, saturation and decay of the instability waves along the jet axis, 2.) the non-uniform and frequency dependent convective speeds of the large scale structures, and 3.) additional factors such as acoustic refraction in the case of non-isothermal jets. A wide variety of experimental and numerical studies have been conducted in the past on supersonic jets. Contributions from the 1970's on include the work by McLaughlin et al. (1975) , 2 Tanna & Dean (1975), 7 Morris (1977), 8 Troutt & McLaughlin (1982), 9 Crighton & Bashforth (1980), 10 Gallagher (1982), 11 17 While a great number of these surveys have focused on noise from supersonic jets in general, very few have attempted to investigate the nonlinear propagation that is solely associated with the high-intensity turbulent mixing noise. Even fewer studies have focused on the time series waveforms of the acoustic pressure in the far-field of the flow that form along the dominant propagation path within the cone of action. Regarding the last topic, the reader is referred to the work by Gallagher (1982) , 11 Petitjean et al. 
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Where nonlinear acoustics are concerned, it is well known that waveforms produced by high-intensity sources are subject to change shape due to wave steepening, shock formation, viscous/atmospheric absorption, shock coalescence and relaxation phenomena. This distortion is illustrated in figure 2a for an initial sinusoidal waveform and is well explained in the literature on nonlinear acoustics.
20, 21
Groundbreaking work by Pestorius and Blackstock (1973) 20 resulted in the development of methods capable of applying nonlinear acoustic theory to broadband signals. The study focussed on the propagation of a broadband noise pulse emitted by a high-intensity source in an air-filled progressive wave tube. Excellent agreement was achieved between the measured and computed waveforms at various locations downstream of the source. It was the first introduction of an algorithm capable of propagating arbitrarily shaped waveforms in one dimension while incorporating shock formation and relaxation effects. During the nonlinear propagation of broadband signals, wave steepening and shock formation effects distort the waveform during its infancy stages which become more pronounced with outward distance from the source. This results in a transfer of energy from the mid frequency range to the high frequency end of the spectrum. In addition, strong shocks travel faster than weak shocks in the waveform. And so, shocks coalesce which is manifested by a decrease of zero crossings in the waveform associated with a shift of energy from the mid frequencies to the low frequencies. Thus, if viscous absorption permits, nonlinear effects results in an overall broadening of the spectrum.
In high-speed jet flows, a variety of different approaches have been considered for dealing with the nonlinear propagation phenomena. A common method for obtaining scaled far far-field pressure spectra is to project a power spectral density function obtained in the near far-field and then apply corrections for atmospheric absorption followed by spherical spreading. Any differences between the measured and predicted far far-field spectra are then attributed to nonlinear distortion. Howell & Morfey (1987) 22 derived a nonlinear indicator as a means by which one could quantify this degree of nonlinearity. In essence, this indicator is a measure of how the energy in the power spectral density is redistributed due to nonlinear effects. Applications of the Howell & Morfey (1987) indicator to problems in jet noise can be found in the literature.
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Another approach to study nonlinear propagation is based on a correlation study between near-field and far-field data using higher-order spectral analysis methods. Originally developed by the systems identification community, these techniques are designed to quantify nonlinear coupling in a single-input/output system. These bispectral methods identify nonlinearities by computing the quadratic bicoherence, which is essentially the second-order variant of the well-known linear coherence. By applying these techniques one can essentially identify the frequencies at which two signals are linearly and nonlinearly related. 25, 23 Since the bispectral technique is an identification technique and does not provide the direct capability of estimation and prediction, another technique developed in the field of system identification was introduced which started with the work of Tick (1961) . 26 This higher-order estimation technique is presented in the recent work of Baars, Tinney & Powers (2010) 27 where it is combined with proper orthogonal decomposition to allow the application of this technique to sets of sensors in the near-field and far-field, thereby eliminating the limitation of single-sensor analysis. It is a promising technique but due to current practical limitations the technique is confined to second order (quadratic) systems and low frequency resolution. A second difficulty arises due to convergence issues of higher-order spectral moments which casts doubts on one's ability to reveal the true nature by which the nonlinear distortion is manifest.
I.A. Overview of current study
In the present work, a grid of microphones placed in the near and far far-field along a slice in the (x, r)-plane of a Mach 3 jet are used to acquire the temporal acoustic waveform in order to gauge the degree of acoustic nonlinearity produced by this type of jet flow. This Mach number is not typical of commercial or military aircraft engines and so bears little relevance to practical systems of engineering interest. However, the high Mach number does ensure the formation of strong Mach waves which can provide insightful information into the nonlinear propagation phenomenon observed in lower supersonic Mach number jet flows. A sample temporal waveform from this study is shown in figure 2b which demonstrates the wave steepening effect expected from this type of nozzle. Included below this illustration is the temporal derivative which demonstrates the expectation of a non-zero skewness.
As a first approach to characterizing the degree of nonlinearity in the pressure waveforms captured along this (x, r) grid, the following metrics are considered:
• Skewness of the pressure derivative. The amount of wave steepening, and thus the nonlinearity in the pressure signal, can be quantified by computing the probability density function (PDF) and skewness factor of the pressure time derivativeṗ (t). The PDF is denoted as B (ṗ). The asymmetry of the PDF can be quantified by the third central moment, defined by
A dimensionless measure of this asymmetry is the well known skewness factor, and is defined as S ≡ṗ 3 σ 3 , where σ is the variance ofṗ (t).
• Wave Steepening Factor. The wave steepening factor (WSF) is defined as the modulus of the average negative slope divided by the average positive slope in the waveform. 11 The range of WSF is thus [0, 1], where 1 corresponds to a pure harmonic wave and 0 to a perfect N wave.
• Zero crossings per unit time. Since stronger shock waves move faster in the waveform and merge or coalesce with weaker shocks, the number of zero crossings of the waveform p(t) will change. When shocks coalesce, a decrease in zero crossings, Z c , appears with propagation distance and is therefore a measure of nonlinearity.
A second effort focuses on application of a hybrid time-frequency domain algorithm that numerically solves the generalized Burgers equation using an input waveform from a near far-field acoustic microphone at 60D j to predict its waveform at 140D j (along the same 45
• path coinciding with the maximum OASPL). The predicted waveform at 140D j is compared to the simultaneously measured waveform (accounting for phase lags in time) and is analyzed using both linear and nonlinear methods. This hybrid Burgers equation takes into account atmospheric absorption, molecular relaxation losses, nonlinearities, dispersion, and geometrical spreading and is written as follows:
where p is acoustic pressure, r is the range between the first and second observer locations, β is the coefficient of nonlinearity (equal to 1.201), ρ 0 is ambient density, c 0 is ambient sound speed, τ is retarded time, and ψ τ is the atmospheric absorption and dispersion operator. The algorithm is based on the work of Pestorius and Blackstock (1973) 20 which has been applied more recently to problems in jet noise by Gee et al. (2008) . 19 The algorithm propagates input time waveforms in a stepwise manner by first applying a nonlinear distortion step using the Earnshaw 21 solution. Absorption, dispersion, and geometrical spreading losses are then accounted for in the frequency domain. Given sufficiently small spatial steps, in this case 1/10 of a shock formation distance, the time and frequency domain steps can be treated independently. In addition, the algorithm can be formulated to perform both linear and nonlinear predictions of the input waveform. For linear predictions, the first term on the right hand side of Eq. (3) is removed, thus allowing the propagation of the waveform between the first and second observation points to be fully calculated in the frequency domain and in one simple step.
II. Experimental Arrangement

II.A. Experimental Facility
The experimental study was performed in the anechoic chamber located on the J.J. Pickle Research Campus of The University of Texas at Austin. The fully anechoic chamber has internal dimensions (wedge tip to wedge tip) of 18ft.(L)×14ft.(W)×12ft.(H). The melamine wedges, in combination with the design of the ceiling and walls, provide a normal incidence sound absorption coefficient of 99% for frequencies above 100Hz. The chamber allows entrained flow to enter through a 4f t × 4f t opening behind the nozzle jet rig which then exhausts through a 6f t × 6f t acoustically treated eductor on the opposing wall. The nozzle, wind tunnel inlet and wind tunnel eductor are all positioned along the centerline of the chamber.
A custom fabricated nozzle test rig allows different nozzle configurations to be tested and is shown in figures 3 and 4. The rig comprises various hardware components (figure 4a), including a National Instruments (NI) CompactRIO system for operating the control valve upstream of the nozzle. Several instruments are used to monitor and record the nozzle operating conditions and comprise: atmospheric chamber pressure (p ∞ ), total pressure (p 0 ) and total temperature (T 0 ) of the supply air, and the storage tank pressure. The nozzle jet rig and storage tanks are connected by a high-pressure 4in carbon steel pipeline capable of transporting dry compressed air up to 2,100psi (143atm) according to ASME standards. Storage tanks located in a separate building provide 140ft 3 4.25m 3 of total water volume storage. Leading up to the nozzle test rig is a 4in carbon steel line connected to a 6in inner diameter settling chamber. This settling chamber is located immediately upstream of the nozzle mounting flange and houses a Corning Celcor, ceramic flow straightener (400 square cells per in 2 substrate) to condition the flow before entering into the nozzle contraction.
(a) (b) For the present study, a nozzle with an exit gas dynamic Mach number of M e =3.00 (ambient total temperature, T 0 =273.15K, ratio of specific heats, γ =1.4, specific gas constant of air, R = 287.05J/kg/K) was designed using the Method of Characteristics and fabricated by in house technicians. The nozzle has an exit diameter of 1in (25.4mm) and is 2.30in in length (throat-exit). The nozzle was operated at a nozzle pressure ratio (N P R = p 0 /p ∞ ) of 36.73 during all runs to achieve a fully expanded, shock-free flow. The associated mass flow was computed to be 1.04kg/s. The convergent-divergent nozzle piece was attached to an additional contraction (6in to 2in diameter) which was mounted to the settling chamber as is shown in figure 4b.
II.B. Instrumentation and Microphone Arrangement
Acoustic data was acquired using four 1/4in prepolarized, pressure-field, condenser microphones (PCB, model 377B10 and matching preamplifiers model 426B03). The microphones have a frequency response range of 4Hz to 70kHz with ±1 dB error up to 20kHz and a dynamic range of up to 170dB (re 20µPa). A NI-PXI-1042Q system (low 43dBA acoustic emission) with an eight channel NI PXI-4472 module provided the necessary IEPE conditioned power (27VDC and 4mA) to operate the microphones all the while conditioning the input signal to eliminate aliasing prior to digitization. All four channels were acquire synchronously at a rate of 102.4kS/s with 24bit resolution for a minimum of 2 20 samples. The microphones were connected by 85ft length cables to the data acquisition system located in a separate control room. It is also important to point out that all measurements were performed with the microphone diaphragms oriented at grazing incidence to the acoustic wave front (plane of the diaphragm intersects with the complete jet axis) and with the microphone grid caps removed.
Two different microphone configurations were used to capture the near and far far-field acoustic data for this study. These comprised a dense two-dimensional grid aligned perpendicular to the jet axis and a line array positioned strategically along the Mach cone half angle of the jet and are shown in figures 5a and 5b, respectively. These two configurations are described in more detail as follows. • Planar grid measurements. A planar two-dimensional grid was constructed in the (x, r)-plane at an angle ϕ = −38.5
• relative to the chamber floor. The grid spanned from 5D j to 145D j in the axial direction and from 25D j to 95D j in the radial direction with uniform spacings of ∆x = ∆r = 10D j . The furthest microphone position was located at |r| = 173.3D j and θ = 33.2
• . An illustration of this during one of the tests is shown in figure 3a . For the purposes of comparing results to others found in the open literature an 'artificial' arc-array at ρ = 100D j ± 1.5% was created by selecting microphone positions listed in table 1.
• Line-array measurements. After processing the planar grid measurements, the sound propagation path could be determined and was found to emanate from the post-potential core region at x/D j = 20 and along 45
• from the jet axis. This allowed the single line-array of four microphones to be installed and positioned so as to follow the Mach cone half angle of φ = 45
• and with an intersection at x = 20D j . The microphones were positioned at ρ/D j = 60, 90, 120 & 140 along the array. Considering the motivation for the placement of this line-array, the Mach cone half angle (Mach wave radiation angle) for this nozzle is around φ = 45
• . 
II.C. Experimental Conditions
Experiments were conducted over a duration of three days during fall time conditions in Austin, Texas. Rare weather conditions produced high humidity levels for the first (75%) and second (63%) days of testing which eventually dropped to 48% by the third day. These environmental conditions were monitored and recorded periodically throughout the duration of the experiments and are listed in table 2. Condition 'grid-array (day 1)' corresponds to the measurements performed using the grid-array located at: x/Dj = [5, 95] , r/Dj = [25, 95] , whereas condition '(day 2)' pertains to the remaining sections of the planar grid: x/Dj = [105, 145], r/Dj = [25, 95] . For all conditions the nozzle was operated at fully expanded conditions, thus the jet exit Mach number, M j , was controlled to be equal to the design exit Mach number. The jet exit conditions are calculated from the isentropic relations and the dynamic viscosity is based on Sutherland's law,
where
and s =111K for air. The experimental conditions and flow quantities at the jet exit (subscript 'j'), ambient (subscript '∞') and stagnation (subscript '0') are summarized in table 2. Additional non-dimensional variables relevant to this study are also presented.
III. Acoustical Characteristics of the Fully Expanded Mach 3 Jet
III.A. Statistics and Spectral Distributions
The spatial topography of the overall sound pressure level (OASPL) obtained from the planar grid measurements is presented in figure 6 . Contours can also be found in the literature, 2, 11 but none with a range up to x = 145D j and r = 95D j . While the classical heart shape pattern and cone of silence is clearly present, it is interesting to note the straight upward ramp in OASPL centered around θ = 45
• (initiating from jet exit). Tam et al. (1992) 12 suggests that the direction of peak sound intensity coincides with the direction of Mach cone half angle when the Mach waves become the dominant sound production mechanisms in the turbulent mixing noise. This justifies the assumption that the convective speed of the large instability waves causing Mach wave radiation is equal to 0.80U j (used to compute the Mach wave radiation angle φ). Likewise, experimental studies by McLaughlin et al. (1975) 2 and Troutt and McLaughlin (1982) 9 of an excited jet show evidence of a phase velocity of the axial instability waves around 0.80U j over a broad range of wave numbers. This OASPL distribution supports the notion that Mach wave radiation intensity decays rapidly across the Mach cone half angle φ, and, the 'edge' of Mach wave radiation at the upstream angle remains distinct with outward distance, up to (and likely beyond) the range of consideration. Figure 7 presents the spectra along the 'artificial' arc-array and line-array. For the arc-array, the spectra are relative peaky at shallow angles (φ 49.1) and are an indication that Mach wave radiation is the prominent source. Broadband, lower amplitude, spectra are observed at sideline and upstream angles (φ 57.1) and represent the broadband nature of the fine-scale turbulence mixing noise. The trend of these far-field observations are well-known 6 and they follow the recent observations of Baars et al.
. 16 An interesting observation that can be shown with these findings is to what effect relative humidity has on the acoustic waveform in terms of atmospheric absorption and nonlinear wave steepening. This is Table 2 . Summary of the experimental conditions during the measurements with the microphone grid-array and line-array (Mj was controlled to be the fully expanded Mach number Me = 3.00).
grid-array (day 1) grid-array (day 2) line-array (day 3) M j 3.00 ± 1% N P R = p 0 /p ∞ 36. shown in figure 8 . Each pair of spectra, grey and black, are acquired at the same x, r location but on different days under different environmental conditions (relative humidity). Higher humidity affects the spectra considerably by damping out the small scale fluctuations, all the while amplifying the contribution of the N-wave patterns to the raw pressure waveform. Contour plots of the sound intensity at various Strouhal numbers are presented in figure 9 . Due to the atmospheric absorption effects discussed in figure 6 , a 20% bandwidth average filter was applied around each center frequency. At low frequencies, figure 9a, the peak intensity direction is shallower than φ = 45
• and is related to a considerable drop in the axial phase velocity of the instability waves for low frequencies (St < 0.2).
9 Shallow propagation of low frequency noise was also observed by Kuo et al. (2010) .
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For the higher frequencies, figures 9b-f, the peak radiation angle is fairly constant at 45
• . The position, however, shifts upstream for higher frequencies. In general, this finding supports the notion that high frequency noise radiates from regions close to the nozzle exit, while low frequency noise dominates locations further downstream. Kuo et al. (2010) 24 also observed that the angular orientation of the lobe of peak intensity remained mostly unchanged with frequency for a cold supersonic jet. Opposite to the current result, Kuo et al. (2010) 24 observed a broadening of the lobe at higher frequencies and concluded that this is consistent with the more omni-directional pattern of fine-scale turbulence noise. Here, a broadening is not explicitly observed. A plausible explanation for this discrepancy is the high convective Mach number in this study, since that causes the directional Mach wave radiation to saturate more of the higher frequency omnidirectional sound waves. Henceforth, any acoustic field differences, from for example subsonic/transonic jets, might express themselves better due to the high convective (1.43) and acoustic (1.79) Mach number compared to most supersonic jet studies where the acoustic Mach number is around 1 and the convective Mach number is mostly subsonic. Any typical trends can then be saturated by more conventional sound (a) x/Dj r/Dj Figure 9 . Contours of the SPL centered around specific Strouhal numbers (frequencies) with a bandwidth of ±20%.
producing mechanisms. And thus, while the low frequency distributions are dominated by the directional Mach wave radiation as is expected, the high frequency content (up to St Dj = 1.0) is found to be directional too in the case of this Mach 3 jet.
III.B. Measures of Nonlinearity for Wave Propagation to the Far-Field
Two measures of the nonlinearity in the pressure waveforms are displayed in figure 10 : the Skewness of the pressure derivative and the WSF. Both are presented in a normalized form such that 10 is the peak value and a higher number represents more nonlinearity. Their spatial distributions suggest the presence of wave steepening at a preferred direction of around 45
• which is closely aligned with the direction of highest sound intensity and Mach wave radiation. A steep upward ramp is observed in the field of both criteria, matching the upward ramp as was discussed for the OASPL ( figure 6 ). Although the trends are globally equal for both criteria, the difference manifests itself when the peak location is considered. The maximum nonlinearity occurs upstream of the line-array according to the WSF criterion and downstream for the Skewness criterion. The physical relevance of the nodes are questionable given the proximity of the chamber wall and wind tunnel collector to these measurement locations. This is currently being investigated. The PDF's of the pressure derivative for 4 microphones along the line-array are presented in figure 11 for reference. The last nonlinearity criterion considered, the number of zero crossings per unit time, is presented in figure 12a . It is normalized such that a higher value means fewer zero crossings. A high-pass frequency filter of 300Hz was applied to the data to ensure a correct computation of Z c . The result is very similar to a contour of low frequency content. Low frequency signals simply have fewer zero crossings than signals dominated by high frequency content, and therefore, this finding is not surprising. Nonetheless, an interesting conclusion can be made. Figure 12b indicates the alignment of zero crossing contours with spherically spreading paths originating from x = 20D j . This implies an absence of shock coalescence along propagation paths for the relative small range considered (in terms of typical distances over which shock coalescence occurs).
IV. Wave Propagation along the Line-Array
IV.A. Basic Acoustic Features along the Line-Array
The microphones along the line-array coinciding with the direction of highest sound and Mach wave radiation intensity were acquired synchronously for correlation and waveform analyses. The PDF's of the pressure waveform derivatives are shown in figure 13a for respectively all four microphones. Although the standard deviation of these decreases with outward distance, the skewness factor increases, and so, nonlinear effects become more pronounced along the array as was discussed in section III.B. The arrival times of the acoustic disturbances are computed from the temporal cross correlations (figure 13b) between the first (60D j ) and 
IV.B. Application of the Numerical Prediction Algorithms
To determine the effect of nonlinearity in the propagation of the noise, the time waveform recorded at a distance of 60Dj was used as the input condition to the hybrid time-frequency Burgers solution algorithm previously described. The algorithm sequentially calculates the solution to the standard, nonlinear Burgers equation and then the linearized Burgers equation. Figure 15a shows a comparison between the predicted linear and nonlinear spectra at 140Dj compared to the input spectrum which was recorded at 60Dj. One significant difference between the two predictions is the greater amount of power at high frequencies for the nonlinear case, which is expected since wave steepening continues along the propagation path. The increase in high frequency energy comes at the expense of a decrease in peak frequency energy. The linear prediction, meanwhile, is qualitatively very similar to the input spectrum, and this is due to the fact that the linear propagation model simply applies geometrical spreading, absorption and dispersion losses to the waveform, which in this case corresponds to essentially a decrease in energy across the frequency spectrum. Figure 15b shows a direct comparison between the predicted and measured spectra at 140Dj. The difference in high frequency energy between the measured signal at 140Dj and the nonlinear prediction still exists, which means one of two things: either wave steepening has terminated after 60Dj or the measurement system is not capable of measuring the frequencies that the algorithm is predicting (limitations are the 1/4in microphones and the sampling rate). Considering that figure 10 demonstrates that the skewness and wave steepening factor are increasing past the 60Dj point, it is reasonable to assume that wave steepening is still occurring and that the reason for the lack of agreement between the measured spectra and nonlinear prediction is an inability to measure such high frequencies.
IV.C. Spectral Comparison
IV.D. Temporal Waveform Comparison
Finally, figure 16 compares the measured time waveforms at 60Dj and 140Dj to the linear and nonlinear time waveform predictions. Figure 16a shows the linear prediction and the effect of the simple frequency domain filter that is applied to the waveform, which accounts for geometrical spreading and atmospheric absorption losses, including the effects of molecular relaxation. Over the short propagation distance considered here, the fact that the atmospheric absorption and dispersion is frequency-dependent does not make itself apparent, and generally the effect is a simple decrease in pressure amplitude. Figure 16b shows how the nonlinear algorithm predicts continued wave steepening in the face of losses due to spreading and absorption, and this was increase in high-frequency energy was also visible in the spectra shown in figure 15 . Figure 16c shows a direct comparison between the two predictions and the actual time waveform recorded at 140Dj. Focusing on the peak residing at approximately 0.7ms, it is apparent that the linear prediction is a closer match than the nonlinear prediction, but again this may be due to an inability to measure such high-frequency shocks. Also of note is the peak at approximately 0.9ms, which was likely due to energy propagating from a different source location than the 60Dj position. The algorithm used assumes that all energy is propagating spherically outward from the input time waveform position, and in this case, it is evident that not all energy does. 
